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Given a knot K — ¥3 in a homology sphere, the knot group
Gk = m1(Nk) is just the fundamental group of the complement
Nk = 23\ 7(K) of the knot.
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This talk concerns irreducible metabelian representations

a: Gk — SLn(C).

Recall a group 7 is called metabelian if 7(2) = 1, where
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Definitions

Given a knot K — ¥3 in a homology sphere, the knot group
Gk = m1(Nk) is just the fundamental group of the complement
Nk = 23\ 7(K) of the knot.

This talk concerns irreducible metabelian representations
a: Gg — SLy(C).

Recall a group 7 is called metabelian if 7(2) = 1, where

ﬂ'(n) — ['71'("]_:")7 ﬂ'(n_l)]

A representation o : m — G is called metabelian if it is trivial on
(2)
T .
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A knot K C S2 is determined by its complement N .

Recall that every knot K admits a decomposition
K = K;i#- - - #K, into prime knots, unique up to reordering.
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Theorem (Gordon & Luecke, '89)
A knot K C S2 is determined by its complement N .

Recall that every knot K admits a decomposition
K = K;i#- - - #K, into prime knots, unique up to reordering.

Theorem (Gonzalez-Acuna & Whitten, '87)
For a prime knot K, the complement Nk is determined by the
knot group G .
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For example, there is an algorithm due to Wirtinger for writing
down a presentation of G, but for this approach to work, one
needs to solve the isomorphism problem and answer when two
knot groups Gk, and Gk, are isomorphic?
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Thus, for prime knots, the knot group is in theory a perfect
invariant, but it is not so practical.

For example, there is an algorithm due to Wirtinger for writing
down a presentation of G, but for this approach to work, one
needs to solve the isomorphism problem and answer when two
knot groups Gk, and Gk, are isomorphic?

An alternative is to replace Gk with the character variety

XsLy(c)(Gk ) = Hom(Gg, SLn(C))/SLa(C).
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Thus, for prime knots, the knot group is in theory a perfect
invariant, but it is not so practical.

For example, there is an algorithm due to Wirtinger for writing
down a presentation of G, but for this approach to work, one
needs to solve the isomorphism problem and answer when two
knot groups Gk, and Gk, are isomorphic?

An alternative is to replace Gk with the character variety
XsL,(c)(Gk ) = Hom(G , SLn(C)) /SLn(C).

This involves studying (conjugacy classes of) representations
a: Gk — SLy(C)
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Lin’s result — SU(2) case

Theorem (Lin, Acta Math Sin 17 (2001) 361-380)
If « : Gk — SU(2) is irreducible and metabelian, then up to
conjugation

(1) = (g’ ‘01> and a()) = I.

Further, there are only finitely many conjugacy classes and the
number is given by
detK —1 |Ag(-1)[—-1
2 N 2 ’
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In 2007, Nagasato extended Lin’s result to SL,(C) and
surprisingly got the same number!
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Nagasato's result — SL, (C) case

In 2007, Nagasato extended Lin’s result to SL,(C) and
surprisingly got the same number!

Theorem (Nagasato)
If a : Gk — SL,(C) is irreducible and metabelian, then up to
conjugation

o) = ((1) _01> and a()) = I.

Further, there are only finitely many conjugacy classes and the
number is also given by
Ak (-1)] -1
> .
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Observation
Every irreducible metabelian representation o : Gx — SL,(C)
is conjugate to a unitary representations.

Hans U Boden McMaster University

Metabelian presentations of knot groups



Background

ooe

Nagasato's result — SL, (C) case

Observation
Every irreducible metabelian representation o : Gx — SL,(C)
is conjugate to a unitary representations.

This is exactly what you would expect for representations of a

finite group, but neither Gk nor its metabelian quotient GK/Gl(f)
is finite.
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Nagasato's result — SL, (C) case

Observation
Every irreducible metabelian representation o : Gx — SL,(C)
is conjugate to a unitary representations.

This is exactly what you would expect for representations of a

finite group, but neither Gk nor its metabelian quotient GK/Gl(f)
is finite.

Our first result theorem provide an explanation for this
observation and give the analogous results for SL,(C).
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Notation Given a knot K and n € Z™, let L, be the n—fold cyclic
branched cover of S2 branched along K .
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Theorem 1

Notation Given a knot K and n € Z™, let L, be the n—fold cyclic
branched cover of S2 branched along K .

Theorem 1 (B—, Friedl)
(@) If o : Gk — SLn(C) is an irreducible metabelian
representation, then up to conjugation,

0O ... 0 (-1
1 0 ... 0

a(p) = ) ) ) and a(A) = 1.
0 1 0
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(b) If H1(Lp) is finite, then up to conjugacy, there are only finitely
many irreducible metabelian representations « : Gx — SLy(C)
and each is conjugate to a unitary representation.
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(b) If H1(Lp) is finite, then up to conjugacy, there are only finitely
many irreducible metabelian representations « : Gx — SLy(C)
and each is conjugate to a unitary representation.

In this case, the number of conjugacy classes is given by

(+) S ) Lo

k|n
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Theorem 1

(b) If H1(Lp) is finite, then up to conjugacy, there are only finitely
many irreducible metabelian representations « : Gx — SLy(C)
and each is conjugate to a unitary representation.

In this case, the number of conjugacy classes is given by

1
(%) ﬁZM(k)‘Hl(Ln/k)‘-
k|n
Here 4(Kk) is the Mébius function, i.e. for k = pi™ - - - - P,
/0 if some m; > 2,
'u(k)_{ (-1)¢ ifmp=---=m;=1.
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Remarks
(a) For some knots K, Hy(Ly) is finite for all n.
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Remarks

(a) For some knots K, Hy(Ly) is finite for all n.

(b) For some n € Z* (e.g. n a prime power), Hy(Ly) is finite for
all knots.
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Theorem 1

Remarks

(a) For some knots K, Hy(Ly) is finite for all n.

(b) For some n € Z* (e.g. n a prime power), Hy(Ly) is finite for
all knots.

Theorem (Fox—Gordon)
H1(Ln) is finite < no root of Ak (t) is an n' root of unity. In that
case, we have

n-1
Hi(Ln)| = T Ak (e2™/M)].
j=1
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Theorem 1

For example, when n is prime, Hy(L,) is finite and using the
Fox—Gordon result, the formula (x) simplifies to

% [T A« (ezf“i/”) 1
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Theorem 1

For example, when n is prime, Hy(L,) is finite and using the
Fox—Gordon result, the formula (x) simplifies to

% [T A« (ezf“i/”) 1

When n = 2, this recovers the results of Nagasato and Lin.
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Applications

The homology groups H;(Ln) of the n-fold branched covers
have been extensively studied by Gordon (1972), Riley (1990),
Gonzéles-Acufia & Short (1991), Silver & Williams (2002), and
Livingston (2002).
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Theorem 1

Applications

The homology groups H;(Ln) of the n-fold branched covers
have been extensively studied by Gordon (1972), Riley (1990),
Gonzéles-Acufia & Short (1991), Silver & Williams (2002), and
Livingston (2002).

One can use the information provided by these results to
deduce the existence of irreducible metabelian representations
a : Gk — SLn(C) in several cases.

Hans U Boden McMaster University

Metabelian SL, presentations of knot groups



Main results
00000080

Theorem 1

There are three cases.
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Theorem 1

There are three cases.

Case I: If A (t) =1, then Hi(Lp) =1
= there are no irreducible metabelian representations
a: Gk — SLy(C) for any n.
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There are three cases.

Case I: If A (t) =1, then Hi(Lp) =1
= there are no irreducible metabelian representations
a: Gk — SLy(C) for any n.

Case II: If Ak (t) has a root that is a root of unity, then for some
n, there exist oo’ly many conjugacy classes of irreducible
metabelian representations « : Gk — SLn(C).

Not all such representations are unitary.
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Theorem 1

There are three cases.

Case I: If A (t) =1, then Hi(Lp) =1
= there are no irreducible metabelian representations
a: Gk — SLy(C) for any n.

Case II: If Ak (t) has a root that is a root of unity, then for some
n, there exist oo’ly many conjugacy classes of irreducible
metabelian representations « : Gk — SLn(C).

Not all such representations are unitary.

Case llI: If Ak (t) has a root that is not a root of unity, then for
oc’ly many n, there exist irreducible metabelian representations
a: Gk — SLy(C).
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Note that Cases Il and Il are not mutually exclusive.
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Note that Cases Il and Il are not mutually exclusive.

In Case Il, we can deduce that the character variety of
irreducible metabelian SL,(C) representations contains positive
dimensional components.
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Note that Cases Il and Il are not mutually exclusive.

In Case Il, we can deduce that the character variety of
irreducible metabelian SL,(C) representations contains positive
dimensional components.

In Case lll, key input is given by a result of Silver & Williams ,
showing that | TorH;(Ln)| — oo exponentially as n — oo with
base the Mahler measure Ak (t).
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Theorem 1

Note that Cases Il and Il are not mutually exclusive.

In Case Il, we can deduce that the character variety of
irreducible metabelian SL,(C) representations contains positive
dimensional components.

In Case lll, key input is given by a result of Silver & Williams ,
showing that | TorH;(Ln)| — oo exponentially as n — oo with
base the Mahler measure Ak (t).

Recall the Mahler measure of a polynomial
f(z)=a(z — 1)(z — () -~ (z — ¢n) is the quantity

M(f) = la ] I

Gi1>1
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Theorem 2

The circle U(1) acts on the space of all GL,(C) representations
of the knot group Gk by twisting.
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Theorem 2

The circle U(1) acts on the space of all GL,(C) representations
of the knot group Gk by twisting.

For 6 € U(1), let xp : Gk — U(1) be the character with
Xo(p) = 0.
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Theorem 2

The circle U(1) acts on the space of all GL,(C) representations
of the knot group Gk by twisting.

For 6 € U(1), let xp : Gk — U(1) be the character with
Xo(p) = 0.

Given a : Gk — GLy(C), the twist of « by 6, denoted 6 - «, is the
defined by
0-a: Gk — GLy(C)

g — xo(9)a(g) forallg e Gk.
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Theorem 2

The circle U(1) acts on the space of all GL,(C) representations
of the knot group Gk by twisting.

For 6 € U(1), let xp : Gk — U(1) be the character with
Xo(p) = 0.

Given a : Gk — GLy(C), the twist of « by 6, denoted 6 - «, is the
defined by
0-a: Gk — GLy(C)

g — xo(9)a(g) forallg e Gk.
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The subgroup Z/n =2 {# = e>™/"} c U(1) gives a well defined
action on SL,(C) representations, and it descends to an action
on the character variety Xg(c)(Gk )-
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The subgroup Z/n =2 {# = e>™/"} c U(1) gives a well defined
action on SL,(C) representations, and it descends to an action
on the character variety Xg(c)(Gk )-

The next result identifies the fixed point set with characters of
metabelian representations.
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Theorem 2

The subgroup Z/n =2 {# = e>™/"} c U(1) gives a well defined
action on SL,(C) representations, and it descends to an action
on the character variety Xg(c)(Gk )-

The next result identifies the fixed point set with characters of
metabelian representations.

Theorem 2 (B—, Friedl)

The conjugacy class [«] of an irreducible representation

a: 11 (M) — SLn(C) is fixed under the Z/n action if and only if
« is metabelian.
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Remarks
With a little more care, one can describe all the fixed points in
terms of characters of metabelian representations.
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Theorem 2

Remarks
With a little more care, one can describe all the fixed points in

terms of characters of metabelian representations.

An easy application of Theorem 2 shows that the twisted
Alexander polynomial Ag ,(t) at an irreducible metabelian
representation must be a polynomial in t".
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Theorem 2

Remarks
With a little more care, one can describe all the fixed points in
terms of characters of metabelian representations.

An easy application of Theorem 2 shows that the twisted
Alexander polynomial Ag ,(t) at an irreducible metabelian
representation must be a polynomial in t".

This gives a positive answer to a conjecture (Conj A) raised by
M. Hirasawa and K. Murasugi in Twisted Alexander polynomials
of 2-bridge knots associated to metabelian representations,
math.GT 0903.1689
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Theorem 2

Remarks
With a little more care, one can describe all the fixed points in
terms of characters of metabelian representations.

An easy application of Theorem 2 shows that the twisted
Alexander polynomial Ag ,(t) at an irreducible metabelian
representation must be a polynomial in t".

This gives a positive answer to a conjecture (Conj A) raised by
M. Hirasawa and K. Murasugi in Twisted Alexander polynomials
of 2-bridge knots associated to metabelian representations,
math.GT 0903.1689

See also C. Herald, P. Kirk, and C. Livingston, Metabelian
representations, twisted Alexander polynomials, knot slicing,
and mutation, (to appear in Math. Z.) for an alternative
approach to the question of Hirasawa and Murasugi.
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Theorem 3

Next, we present a deformation result based on a clever
argument due to Heusener et al.
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Theorem 3

Next, we present a deformation result based on a clever
argument due to Heusener et al.

There is a natural symplectic structure on the character variety
XSLn(C)(aNK )
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Next, we present a deformation result based on a clever
argument due to Heusener et al.

There is a natural symplectic structure on the character variety
XSLn(C)(aNK )

The image of the restriction map Xsi,(c)(Nk) — Xsi,(c)(ONk)
is Lagrangian.
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Next, we present a deformation result based on a clever
argument due to Heusener et al.

There is a natural symplectic structure on the character variety
XSLn(C)(aNK )

The image of the restriction map Xsi,(c)(Nk) — Xsi,(c)(ONk)
is Lagrangian.

In terms of Zariski tangent spaces, this means that the image
H(Nk; SIn(C)ad o) in HY(ONk; SIh(C)ad o) is Lagrangian.
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Theorem 3

Next, we present a deformation result based on a clever
argument due to Heusener et al.

There is a natural symplectic structure on the character variety
XSLn(C)(aNK )

The image of the restriction map Xsi,(c)(Nk) — Xsi,(c)(ONk)
is Lagrangian.

In terms of Zariski tangent spaces, this means that the image
H(Nk; SIn(C)ad o) in HY(ONk; SIh(C)ad o) is Lagrangian.

Because dimHY(ONk; slh(C)ag o) = 2n — 2, this implies
dimHY(Nk; slh(C)aga) > n — 1.
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Theorem 3 (B—, Friedl)
Suppose «a : Gk — SLp(C) is an irreducible metabelian
representation with dimH(Nk; slh(C)aq o) = n — 1. Then:
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Theorem 3 (B—, Friedl)
Suppose «a : Gk — SLp(C) is an irreducible metabelian
representation with dimH(Nk; slh(C)aq o) = n — 1. Then:
(i) The character x, is a smooth point in Xg, (c)(Gk) and
there exists a smooth complex (n — 1)—dim’l family of
characters of irreducible SL,(C) representations near
Xo € XsLy(0)(Gk )-
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Theorem 3

Theorem 3 (B—, Friedl)
Suppose «a : Gk — SLp(C) is an irreducible metabelian
representation with dimH(Nk; slh(C)aq o) = n — 1. Then:

(i) The character x, is a smooth point in Xg, (c)(Gk) and
there exists a smooth complex (n — 1)—dim’l family of
characters of irreducible SL,(C) representations near
Xo € XsLy(0)(Gk )-

(i) If o is unitary, then x,, is @ smooth point in Xgyn)(Gk ) and
there exists a smooth real (n — 1)—-dim’l family of
characters of irreducible SU(n) representations near
Xa € Xsumn)(Gk ).

Hans U Boden McMaster University

Metabelian SL, epresentations of knot groups



Main results

lele] lo}

Theorem 3

Theorem 3 (B—, Friedl)
Suppose «a : Gk — SLp(C) is an irreducible metabelian
representation with dimH(Nk; slh(C)aq o) = n — 1. Then:

(i) The character x, is a smooth point in Xg, (c)(Gk) and
there exists a smooth complex (n — 1)—dim’l family of
characters of irreducible SL,(C) representations near
Xo € XsLy(0)(Gk )-

(i) If o is unitary, then x,, is @ smooth point in Xgyn)(Gk ) and
there exists a smooth real (n — 1)—-dim’l family of
characters of irreducible SU(n) representations near
Xa € Xsumn)(Gk ).

Both deformation families can be chosen so that y,, is the only
metabelian character.
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Theorem 3

Results of Burde show that, for any 2-bridge knot K, every
irreducible metabelian representation o : Gk — SL,(C)
satisfies H(Nk; sl2(C)ag o) = C, thus one can apply Theorem
3.
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Theorem 3

Results of Burde show that, for any 2-bridge knot K, every
irreducible metabelian representation o : Gk — SL,(C)
satisfies H(Nk; sl2(C)ag o) = C, thus one can apply Theorem
3.

The next result gives an alternative criterion for
dimH(Nk;sl(n,C)ags) = n — 1.
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Theorem 4 (B—, Friedl)

Suppose by (Ln) =0, a : Gk — SLn(C) is an irreducible
metabelian representation that factors through

¢ : Gk — Z/n x H, where H is abelian and finite.
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metabelian representation that factors through

¢ : Gk — Z/n x H, where H is abelian and finite.
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Hans U Boden McMaster University

Metabelian S| esentations of knot groups



Main results

oe

Theorem 4

Theorem 4 (B—, Friedl)
Suppose by (Ln) =0, a : Gk — SLn(C) is an irreducible
metabelian representation that factors through
¢ : Gk — Z/n x H, where H is abelian and finite.
Let N@ — Nk be the corresponding covering map. Then:
(i) by(N,) > [H|. If by(N,) = [H|, then
dimHY(Nk; slh(C)aga) =n — 1.
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Suppose by (Ln) =0, a : Gk — SLn(C) is an irreducible

metabelian representation that factors through

¢ : Gk — Z/n x H, where H is abelian and finite.

Let N, — Nk be the corresponding covering map. Then:

(i) by(N,) > [H|. If by(N,) = [H], then

dimHY(N;slh(C)aga) =N — 1.

(i) The cover Nw — Nk extends to a cover ip — ¥ branched
over K.
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Theorem 4 (B—, Friedl)

Suppose by (Ln) =0, a : Gk — SLn(C) is an irreducible

metabelian representation that factors through

¢ : Gk — Z/n x H, where H is abelian and finite.

Let N, — Nk be the corresponding covering map. Then:

(i) by(N,) > [H|. If by(N,) = [H], then

dimHY(N;slh(C)aga) =N — 1.

(i) The cover Nw — Nk extends to a cover ip — ¥ branched
over K.

(iii) 1fby(L,) = 0, then dimH(Nk; Slh(C)aga) = N — 1.
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