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Introduction: Iterated satellite links

The satellite construction can be iterated.

Consider Bing doubles:

K BDy(K) BD:(K)

Notice: BD ,(K) is a link of 2" unknotted components.
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Introduction: Slice links

Alink L  S3is slice if the components bound disjoint topologically locally
at disks in B4,

Origin of this de nition — Fox (1961)

Question: When are satellite links slice?
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Slicing satellite links:  Whitehead doubles

First, some general results:
& Theorem (Freedman, 1990): If k (t) =1, thenK is slice.

£ Theorem (classical): If J is a satellite knot with pattern P, and
companion C, then

s= e ()

where n is the winding number of P in the solid torus T.

Compute  wh (k) (t):

whiky®) = uv() «(t%=1 1=1

Therefore Wh(K)) is slice for all K.
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Slicing satellite links:  Whitehead doubles

Notice: Not all Whitehead doubles are smoothly slice.
(Akbulut-Matveyev, Gompf-Stipsicz, Rudolph)

Kirby Problem 1.38
Wh(K) smoothly slice () K smoothly slice.
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Slicing satellite links: Iterated Bing doubles

Motivation: Bing doubles arise naturally in questions about 4-dim'l surgery

Several classical invariants vanish on all Bing doubles:
(Cimasoni, 2006)

£ Multivariable Alexander polynomial
Arf invariant
Milnor's invariants

e e @

Multivariable Tristam-Levine signatures

Are all Bing doubles slice?
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Slicing satellite links: Iterated Bing doubles

Fruitful approach:
Study the relationships between slicing K and slicing Bing doubles of K .

Proposition: K slice) BD (K) is slice.

Proof: Since K is slice, K is concordant to the unknot.
Therefore BD (K) is concordant to BD (U), which is an unlink.
Since BD (U) is slice, it follows that BD (K) is slice, as well.

Question: Is the converse of this proposition true?
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Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Theorem 2. (Cha-Kim, 2007, V. 2008)

If BD ,(K) is slice for some n, then K is algebraically slice.
Tool: Covering link calculus

Start with BD ,(K) in S3.

Two operations:

1. Take the 2-fold branched cover of S3 branched over a component of
BD,(K) and lift BD , (K ) upstairs.

2. Take a sublink of the lift.

A link obtained by a sequence of these operations is a 2-covering link of
BD,(K).

mycolorl —p. 32/7



Slicing satellite links: Iterated Bing doubles

mycolorl —p. 33/7



Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Outline of proof:

mycolorl —p. 33/7



Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Outline of proof:

BD (K) S3

mycolorl —p. 33/7



Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Outline of proof:

BD (K)

mycolorl — p. 34/7



Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Outline of proof:

E S3

BD (K) S®

mycolorl —p. 35/7



Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Outline of proof:
S S3

BD (K) S®

Consider the following theorem:

mycolorl —p. 35/7



Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Outline of proof:

E S3

BD (K) S®

Consider the following theorem:

Theorem: IfL  S®is slice in a Z 2y -homology ball, then any 2-covering

link of L Is also slice in a Z ) -homology ball.

mycolorl —p. 35/7



Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Outline of proof:
S S3

BD (K) S®

Consider the following theorem:

Theorem: IfL  S®is slice in a Z 2y -homology ball, then any 2-covering

link of L Is also slice in a Z ) -homology ball.

Therefore, since BD (K ) is slice in S*, E is slice in a Z ) -homology ball.

mycolorl —p. 35/7



Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Outline of proof:
S S3

BD (K) S®

Consider the following theorem:
Theorem: IfL  S®is slice in a Z 2y -homology ball, then any 2-covering
link of L Is also slice in a Z ) -homology ball.

Therefore, since BD (K ) is slice in S*, E is slice in a Z ) -homology ball.

Theorem: If aknotJ  S? s slice in a Z ;) -homology ball, then J is
algebraically slice.

mycolorl —p. 35/7



Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Outline of proof:
S S3

BD (K) S®

Consider the following theorem:
Theorem: IfL  S®is slice in a Z 2y -homology ball, then any 2-covering
link of L Is also slice in a Z ) -homology ball.

Therefore, since BD (K ) is slice in S*, E is slice in a Z ) -homology ball.

Theorem: If aknotJ  S? s slice in a Z ;) -homology ball, then J is
algebraically slice.

So the components of E are algebraically slice.

mycolorl —p. 35/7



Slicing satellite links: Iterated Bing doubles

Theorem 1. (Cha-Livingston-Ruberman, 2006)
If BD (K) is slice, then K is algebraically slice.

Outline of proof:
S S3

BD (K) S®

Consider the following theorem:
Theorem: IfL  S®is slice in a Z 2y -homology ball, then any 2-covering
link of L Is also slice in a Z ) -homology ball.

Therefore, since BD (K ) is slice in S*, E is slice in a Z ) -homology ball.

Theorem: If aknotJ  S? s slice in a Z ;) -homology ball, then J is
algebraically slice.

So the components of E are algebraically slice. Some more technical
work ... K is algebraically slice.
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Theorem 2. (Cha-Kim, 2007, V. 2008)
If BD ,(K) is slice for some n, then K is algebraically slice.
Outline of proof:

Step 1: Show that BD,, ;(K) is a 2-covering link of BD (K ) for n > 1.
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Theorem 2. (Cha-Kim, 2007, V. 2008)
If BD ,(K) is slice for some n, then K is algebraically slice.
Outline of proof:

Step 1: Show that BD,, ;(K) is a 2-covering link of BD (K ) for n > 1.

L Ss

BD,(K) g3
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Theorem 2. (Cha-Kim, 2007, V. 2008)
If BD ,(K) is slice for some n, then K is algebraically slice.
Outline of proof:

Step 1: Show that BD,, ;(K) is a 2-covering link of BD (K ) for n > 1.

BDn l(K) L 83

BD,,(K) g3
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Outline of proof:

Step 1: Show that BD,, ;(K) is a 2-covering link of BD (K ) for n > 1.
Example: K = gure eight knot, n =2.

mycolorl — p. 43/7



Slicing satellite links: Iterated Bing doubles

Theorem 2. (Cha-Kim, 2007, V. 2008)
If BD ,(K) is slice for some n, then K is algebraically slice.
Outline of proof:

Step 1: Show that BD,, ;(K) is a 2-covering link of BD (K ) for n > 1.
Example: K = gure eight knot, n =2.

mycolorl — p. 43/7



Slicing satellite links: Iterated Bing doubles

Step 1: Show that BD,, ;(K) is a 2-covering link of BD (K ) forn > 1.
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More generally. ..
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More generally. ..

mycolorl — p. 59/7



Slicing satellite links: Iterated Bing doubles

Recall what we are trying to prove:

Theorem 2.
If BD ,(K) is slice for some n, then K is algebraically slice.

Proof.
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Recall what we are trying to prove:
Theorem 2.
If BD ,(K) is slice for some n, then K is algebraically slice.

Proof.
We showed that BD, 1(K) is a covering link of BD (K ) forn > 1.
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Recall what we are trying to prove:

Theorem 2.
If BD ,(K) is slice for some n, then K is algebraically slice.

Proof.
We showed that BD, 1(K) is a covering link of BD (K ) forn > 1.

Iterating this argument, we nd that BD 1(K) is a covering link of BD , (K).

mycolorl — p. 60/7



Slicing satellite links: Iterated Bing doubles

Recall what we are trying to prove:

Theorem 2.
If BD ,(K) is slice for some n, then K is algebraically slice.

Proof.
We showed that BD, 1(K) is a covering link of BD (K ) forn > 1.

Iterating this argument, we nd that BD 1(K) is a covering link of BD , (K).

We now again apply the following theorem:
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Recall what we are trying to prove:
Theorem 2.
If BD ,(K) is slice for some n, then K is algebraically slice.

Proof.
We showed that BD, 1(K) is a covering link of BD (K ) forn > 1.

Iterating this argument, we nd that BD 1(K) is a covering link of BD , (K).

We now again apply the following theorem:
Theorem: IfL  S®is slice in a Z 2y -homology ball, then any 2-covering

link of L Is also slice in a Z ) -homology ball.
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Recall what we are trying to prove:

Theorem 2.
If BD ,(K) is slice for some n, then K is algebraically slice.

Proof.
We showed that BD, 1(K) is a covering link of BD (K ) forn > 1.

Iterating this argument, we nd that BD 1(K) is a covering link of BD , (K).

We now again apply the following theorem:
Theorem: IfL  S®is slice in a Z 2y -homology ball, then any 2-covering
link of L Is also slice in a Z ) -homology ball.

Since BD (K ) is slice in S3, it is slice in a Z ) -homology ball.
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Recall what we are trying to prove:
Theorem 2.
If BD ,(K) is slice for some n, then K is algebraically slice.

Proof.
We showed that BD, 1(K) is a covering link of BD (K ) forn > 1.

Iterating this argument, we nd that BD 1(K) is a covering link of BD , (K).

We now again apply the following theorem:
Theorem: IfL  S®is slice in a Z 2y -homology ball, then any 2-covering

link of L Is also slice in a Z ) -homology ball.

Since BD (K ) is slice in S3, it is slice in a Z ) -homology ball.
Hence BD 1(K)) Is also slice in a Z ) -homology ball.
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Recall what we are trying to prove:

Theorem 2.
If BD ,(K) is slice for some n, then K is algebraically slice.

Proof.
We showed that BD, 1(K) is a covering link of BD (K ) forn > 1.

Iterating this argument, we nd that BD 1(K) is a covering link of BD , (K).

We now again apply the following theorem:
Theorem: IfL  S®is slice in a Z 2y -homology ball, then any 2-covering
link of L Is also slice in a Z ) -homology ball.

Since BD (K ) is slice in S3, it is slice in a Z ) -homology ball.
Hence BD 1(K)) Is also slice in a Z ) -homology ball.

Since BD 1(K) Is Z ) -slice, we can apply the work of
Cha-Livingston-Ruberman and conclude that K is algebraically slice.
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Generalizing....
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Generalizing....

Bing doubling:

)

@

Three component Brunnian link with distinguished component A.
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Generalizing....

Bing doubling:
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Three component Brunnian link with distinguished component A.
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